Abstract: For a straight or thin curved beam, the expression for strain energy due to bending is U ¼ M 2 L=ð2EIÞ; for this to be applicable to a thick curved beam, the requisite length is slightly greater than the centre-line length.
INTRODUCTION
The strain energy U of a uniform straight beam, or a thin curved beam, having length L, second moment of area I, Young's modulus E, and subjected to a pure bending moment M, is well known to be given by the expression U ¼ M 2 L=ð2EIÞ; the thin curved beam is often chosen as an example in undergraduate texts to illustrate Castigliano's theorems (see for example reference [1] ), and the elemental length is then of the form ds ¼ R d if the moment varies along the beam. For the uniform thick curved beam shown in Fig. 1 , again subjected to pure bending, it must also be possible to express strain energy in the form U ¼ M 2 L eff =ð2EIÞ, where L eff is some effective length of the beam. The question is: what is this effective length? This problem arose in the determination of the equivalent continuum beam properties, such as the second moment of area, cross-sectional area, and shear coefficient, of a pin-jointed curved repetitive beam-like structure [2] , by demanding equality of strain energy of the single repeating cell and the equivalent continuum. The two immediate candidates are centre-line length, and length of the neutral surface. In turn, an effective radius R eff where L eff ¼ R eff can be defined when the above possibilities are equivalent to R cl ¼ ða þ bÞ=2, where a and b are the inner and outer radii respectively and R na ¼ R cl ÿ e, where e represents the amount by which the neutral axis is closer to the centre of curvature. Employing the exact linear elasticity plane stress solution [3, article 29] , it transpires that neither of the above is true; rather, the effective radius is greater than the centre-line radius, although the latter must be very small before the difference is significant.
THEORY
Within a Cartesian coordinate system the strain energy density is [3, article 90]
The equivalent expression within polar coordinates is
Again from reference [3, article 29], the stress components are
where Equation (2) immediately simplifies as the shearing stress is zero, and the strain energy for the complete beam becomes
Further, the strain energy per radian may be expressed as
Employing the computer algebra program MAPLE to perform the integration, initially it is found that Ð b a r r dr ¼ 0, and so the strain energy is independent of Poisson's ratio, as would be expected, and the expression , it is found that R eff ¼ 1:5235a, which is greater than the centre-line radius R cl ¼ 1:5a by some 1.6 per cent and, as will be seen, some 5.5 per cent greater than the radius of the neutral axis. It can be argued that this is a consequence of the fact that the greatest circumferential stress occurs at the inner radius. For the straight beam, a linear stress variation across the depth implies that regions in tension and compression contribute equally to the strain energy. For the curved beam shown in Fig. 1 , the smaller region below the neutral axis has a tensile stress whose magnitude is greater than that of the compressive stress acting over the larger region above the neutral axis; thus the larger region contributes more of a lesser stress to the total strain energy. The greater effective length in the expression for the strain energy is the compensation for this lesser contribution. The neutral axis is located by setting the expression for stress equal to zero, and solving for r; MAPLE provides an analytical solution in terms of the Lambert W function [4]; so it is more useful to proceed numerically and, for b ¼ 2a, it is found that R na ¼ 1:4440a. This is very close to the value given in Fig. 43 of reference [3] , which is 1.443a; note that R na is 3.73 per cent less than the centre-line radius. Both the effective and the neutral axis radii are shown in Table 1 for a curved beam over a range of centre-line radii, normalized with respect to the beam depth d ¼ b ÿ a; the example considered above is then equivalent to b ¼ 2d, a ¼ d, and R cl ¼ 3d=2. As would be expected, both radii converge on to the centre-line radius as the latter becomes large, i.e. as the straight beam is approached.
Over the range considered in Table 1 , the neutral axis is located towards the centre of curvature by twice to three times as much as the effective radius is located outwards. The implication for the original problem described in reference [2] , where an effective radius is not known, is that maximum accuracy is achieved if the centre-line length is employed; moreover, since the strain energy is linearly dependent on radius, the potential error is indicated in the third column of Table 1 .
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